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ABSTRACT Circulant, as well as canonical, orbitals are used
in the different orbitals for different spins method for treating
electron correlation. Circulant orbitals provide a theoretical jus-
tification for the use of a single parameter, even when the canon-
ical orbitals have widely different orbital energies. Illustrative
calculations on the ground state of the Be atom show the impor-
tance of choosing the correct "pairs" in the method. A two-param-
eter version of the conventional method gives 74% of the improve-
ment obtained by a full configuration-interaction treatment using
20 linear parameters, while a one-parameter linear combination
of two different coupling schemes of the circulant method gives
-61%. The latter wavefunction provides a compact description
of the electron correlation.
Circulant orbitals for closed-shell electronic systems (atoms and
molecules) have been introduced recently by Parr and Chen
(1). These orbitals have interesting extremum and other prop-
erties. The aim ofthe present paper is to explore the possibilities
offered by them for treatment of the electron-correlation
problem.
The best single-determinant description of the ground state
of a 2n-electron system is given by the Hartree-Fock function
Ik= A /1(1) ... qn(n)+l(n + 1)-..qn(2n)0j, II]
with
01 = a(l).... a(n)/3(n + 1).. .f3(2n). [2]
The Hartree-Fock orbitals hi/ minimize the total energy. The
canonical orbitals are solutions of the Hartree-Fock equations:
F1e=i ee [3]
The circulant orbitals are obtained from the canonical orbitals
by the unitary transformation
n
ok = OE e(k-1Xe-l) [4]
where
co = exp(27ri/n). [5]
Replacement of the hij with the ok leaves Eq. 1 unchanged.
A better description of the electron correlation is obtained
by relaxing the condition ofusing the same orbital his twice, once
with a and once with ,B spin function. The wavefunction in
which we associate different spatial orbitals with different spin
functions has the form
T = siul(l)... u(fln)vl(n +1).... vn(2n) 01,
01= ol [7]
and OS is the projection operator that selects the singlet com-
ponent. The total energy expression remains relatively simple
if orbitals ui and v; are chosen that satisfy the orthogonality
conditions
(i) (UJUI) = Sy,
(ii) (Vkle) = ske, [8]
(iii) (uilvj) = Ai8ij.
Particularly important is condition iii (the pairing theorem; refs.
2 and 3). These conditions entail no loss in generality.
Lowdin (4, 5) has suggested a certain realization for the ui and
v; that satisfies conditions i, ii, and iii. If we solve the Har-
tree-Fock equations in a finite basis (6, 7), then we obtain a
number of virtual orbitals as well. Let us associate with each
occupied orbital qi/ a certain "pair" i/, selected among the virtual
orbitals. Then, form the new orbitals as follows:
ui = cos qiqi + sin T7lii.i
vi = cos iiti- sin pxi/i .
[9]
As the orbitals qli, h1i, form an orthonormal basis, we see im-
mediately that conditions i, ii, and iii are satisfied with Ai = cos
2qi,. A very natural pairing is provided in the case of alternant
hydrocarbons by the method called the alternant molecular or-
bital (AMO) method. It has been used successfully for conju-
gated systems (for review and recent applications, see refs. 8
and 9).
In this paper, we shall use the same method with the canoni-
cal orbitals replaced by circulant orbitals. First we will give the
general energy expression, and then we will present some cal-
culations for the ground state of the Be atom.
1. Different orbitals for different spins
One-Parameter Energy Expression. The simplest form of
Eq. 6 is obtained by choosing the same nonlinear parameter
(77) for all orbitals. In this case, we can express the energy with
the use of three charge and bond-order matrices:
n
PO(p, v) = 2>CCC, ,
i=l
n
PJA'V) = 2EC*i'c i"
i=l
n







Abbreviations: AMO, alternant molecular orbital; CI, configuration
interaction.
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m m
'i= xzc i, (i, = X cQi-
,=1 /A= I
[13]
The y,. are the basis functions used in the expansion of the or-
bitals qij and hij,; m is the dimension of the basis.
Let us divide the Hamiltonian into two parts:
H = H1 + H2,
2n 1 _Zn 2n




E2(A) = [ao + alx + a2x2 + A(1 + x)b]/[l + x + x2],
with




The first part is a sum ofone-electron operators, the second one
involves the electron-electron repulsion terms. The expecta-




S = (iiUjj)= vE(, zpo)P0(4, v)P0(po,),
i=1 j=1 AMvpo
S2 = E (i i' Ij7i) -1 E (,t )Po(,u, ')P,(pa),
J.Lvpe
S3= E (iilj'ji) - , (pcr)Po(zo )P;(pv),
= A (ji) 4 (AvpO)PO(ga)Pv(p., '),
A VPUJ
S7 = ES (viIJ''i')p)PA (,ua PA(PAV)
j JA~~VPOI
S = (i l'ji') o-,(p p o) Q(w)Q(py),
S7 =A (ijljIi,) = 4>E (pf)P(,),
S8 = d(ij Iji ) =-E (,d~pa)Q("O,()Q(P,V),
i=AMVP
n
Sio= E(ilfji') =-2 (p~f1iv)Po(,.,v).n
Elo f |) (A JifI P)) t ) -
i=1 M2 V
The notation is the standard notation for two-electron integrals
over orbitals (and basis functions):
(ii ke) = +*(1)*Oj(1)I qI(2)qf(2)dA1dv2, [18]
(ytIpa) = ffX*(1)X(1) X*(2)XZJ(2)dv1dV2. [19]
The. general energy expression for a single parameter case was
derived by Pauncz et al. (10). The result is
E = E1 + E2, [20]
where
E1(A) = W - Af(A) AW
W= S9 + Slo, AW= S1O - S9,
1
ao = {4(S1 + S2) + 8S3
8
- [S4 + S5 + 2S6 + 6(S7 + S8)]},
1
a =4{8(Sl + S2 - S3)
- 5(S4 + S5) + 2S6 + 6S7},
a2 = ao + 38'





[17.2] Use of the Circulant Orbitals. The 10 appearing in the
energy expression depend on the three charge and bond-order
[17.3] matrices PO', PV, and Q. They refer to the starting orbitals; thelatter may be chosen as canonical orbitals or as circulant orbitals.
The circulant orbitals are obtained by using the unitary trans-
[17.4] formation given by Eq. 4. If we use the same unitary transfor-
mation for both the occupied orbitals and the corresponding
pairs, then we can show that all three charge and bond-order
[17.5] matrices and the corresponding energy quantities remain un-
changed. The use of the circulant orbitals at this stage does not
offer an improvement in the description of the electronic cor-
[17.6] relation but it provides ajustification for the use ofa single vari-ational parameter. It has been shown by Parr and Chen (1) that
the circulant orbitals are degenerate with respect to the expec-
[17.7] tation value of the Hartree-Fock operator. A similar argument
can be used to show that the expectation value of the Har-
tree-Fock operator also is the same for the circulants obtained
[17.8] from the corresponding number of virtual orbitals. The use of
a single variational parameter A thereby can be rationalized.
There is an additional degree of freedom because we can
[17.9] perform a further unitary transformation among the virtual or-
bitals. Although P0 and Pr remain unchanged, the Q matrix will
be different and this will change the value of the sums S7 and
[17.10] S8. This further unitary transformation can be chosen so that itwill lead to an improvement in the total energy.
2. An illustrative one-parameter calculation: Ground state
of the Be atom
To study the method, we have chosen a simple example, the
singlet ground state of the Be atom. We restrict the basic or-
bitals used in the expansion to be of the s type. Schmidt and
Ruedenberg (11) used an even-tempered gaussian basis char-
acterized by a small number of parameters for atomic self-con-
sistent field calculations. The basis functions are given in the
form:
Xk = nke with 4k = a/3k [25]
Schmidt and Ruedenberg showed that this basis with 14 basis
functions gives almost the Hartree-Fock limit. The correspond-
ing a and f8 obtained from their results are
a = 0.0175945176 = 2.588085567.
where
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As a first step, we performed Hartree-Fock-Roothaan calcu-
lations using this basis set. This gave two orbitals that are oc-
cupied in the ground-state wavefunction and 12 virtual orbitals.
We order them according to their Hartree-Fock eigenvalues.
The most important point in the method outlined above is the
choice of the orbital pairs in the formation of the ui and vj. We
shall keep orbitals 1 and 2 fixed, as they provide the best starting
point for a single determinantal description. Denote the pairs
by 1' and 2'. Let us select two orbitals from the set 413,.1.,114,
say /k and qr,. The pairs are given as
412' = cosaoqik + sinao4ie,
41' = -sinao1k + cosao41t. [26]
Observe that from the 10 sums only 2 (S7 and S8) depend on the
parameter ao; we can easily determine the best value of a0 for
a given A by minimizing the energy expression.
The best AMO result using a single parameter (A) is obtained
for the choice of k = 5 and e = 6 and the angle ao = 24.3340.
This is surprising because, in terms of one-electron energy,
orbitals 3 and 4 are more favorable. The effectiveness of orbitals
5 and 6 is related to the fact that these have higher amplitudes
(though more nodes) in the short-distance range than orbitals
3 and 4.
To judge the effectiveness ofthe methods, we performed full
configuration-interaction (CI) calculations using all 20 possible
configurations formed from four orbitals (1, 2, 2', 1'). We have
tried all possible selections for k and e; the best result again is
obtained with the selection 5 and 6.
3. The two-parameter wavefunction for Be
As indicated above, we obtain a more general wavefunction if
we choose the different parameters ml and 712 in Eq. 9. We shall
consider using for qi either the canonical or the circulant
orbitals.
In the two-parameter energy expression, the expectation
value of the one-electron part is given by
2 2
E1(A1,A2) = E ni(AIA2) (iOf i) + E ni,(AlA2) (iIIi')
i=l i'=l
[27]
It is interesting to observe that this expression contains only
diagonal terms. The occupation numbers ni are given by the
expressions
= 1 + Al n1' = 1 - Al
n2 = 1 + AO, n2 = 1_ AOA
where
A0 = 2(1 + Ak2A2) + A2 + Ak,
A1 = 3A1(l + A2),
[28]
[29]
A2= 3A2(1 + A1).
The best two-parameter result is obtained for k = 5 and f =
6 (rotational angle, ao = 24.334°). The energy improvement
amounts to =74% of the full CI improvement. The latter is ob-
tained with 20 linear parameters.
Table 1. Expansion of the circulant AMO wavefunctions in terms of configurations
Configuration Different A coefficients Single A coefficient
1 (-1)3- (1 + Al)(1 + A2) - (1 + A)24 4
3 (-l)J+l {(1-A1A2) + [(1 - xl)(1 -x2)]1"2} -4 (1-A2)
6 i -(Al A2) 0
7 4/ (A1-A2) 0
9 (-) {(1 - A1A2) -[(1-x1)(1-X2)]12} 08
10 - (1- A1A2) 1-Ak2)44
11 4<[(1 -x1)(-x2)]"12 (1)j A)
12 (-W)8 {(1 -A1A2) - [(1 -x1)(1-x2)]112} 0
13 i (A1-A2) 0
1
14 -i (Al -A2) 0
17 (-l)j+l8 {(1 -AlA2) + [(1- x1)(1 -x2)]2} -4 (1-A2)
.1 1
20 (-)i (1 - Al)(1 - A2) (1 - A)24 4
j=1, 2 for the first and second coupling, respectively. xi ~
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We also determined the two-parameter wavefunction when
the starting orbitals are the circulant orbitals. The first two or-
bitals are chosen in the form
=1 } (11 + i42),
Table 2. The 20 configurations and the corresponding














42 = 2 (i1 - iqi2) = 44
Parr and Chen (1) have considered these orbitals; an interesting
point is that they provide the same electron density. For the
pairs we consider two possibilities
(i) first coupling:
1








In both cases, the pairs provide the same density.
When the energy is minimized, the best result is obtained
when the two parameters A1 and A2 become equal. This can be
proved by using E(A1,A2) = E(A2,A1); it also can be rationalized
by recalling that the circulant orbitals are degenerate with re-
spect to the expectation value ofthe Hartree-Fock operator and
the same is true for the corresponding pairs (in both coupling
schemes); it is natural that the two parameters also become
equal. For the first coupling scheme the result is identical with
the one obtained by a single-parameter AMO calculation using
the canonical orbitals as starting points. This is in accordance
with the considerations given in section 1. The result ofthe sec-
ond coupling scheme is a little inferior to the result of the first.
The latter becomes identical with a one-parameter AMO cal-
culation in which the orbital pairs are chosen as q'i = q2, and
12' = 411'
As a last step, we consider the linear combination of the two
coupling schemes for the circulant orbitals, choosing the same
A value for each of them
P = CIwP + C11P11. [33]
For convenience, we can write the coefficients as CI = cosa'
and C11 = sin a' but we observe that these two wavefunctions
(circulant AMO first or second coupling) are not orthogonal to
each other but have a rather large overlap. Tables 1 and 2 show
the expansion coefficients of these wavefunctions in terms of
the basic configurations and all 20 configurations. The two cou-
pling schemes differ only in the sign of certain configuration
coefficients. The expansion is especially simple for the same A;
in this case, the expansion reduces to six configurations only.
Even simpler is the case for a' = 450, where the contributions
of the configurations that contain four singly occupied orbitals
vanish completely. The best energy is obtained for a' = 370 but
the corresponding energy is very close to the one obtained with
a' = 45°. In both cases, the energy is about halfway between
the one-parameter circulant AMO (first coupling scheme) and
the two-parameter AMO (canonical orbitals).
An analysis of all the wavefunctions from the energetic point
of view is given in Table 3. This table compares the absolute
values of the kinetic energy, nuclear-electron attraction, and
the electron-electron repulsion energies with the various en-
1 --*2 = -[(1123) + (1132)]
I3 = (1133)
1 -_
*4 = [(1124) + (1142)]
1 - -
*5 = -2=[(1223) + (3221)]
1 - -
*6 = -72[(1134) + (1143)]
1 - -
I7 = -72[(1233) + (2133)]
1 - -*8 = 2[(1224) + (4221)]
qf = (1144)
1 --Plo = 2[(1234) + (1243) + (2134) + (2143)]
1 - - _ _ _ _
-11= - [2(1324) + (1234) - (1243)V/T2
+ (2143) - (2134) + 2(3142)]
12= (2233)
1 - _ _ _
13= -:2[(1244) + (2144)]
1 _- __-
T14 = -[(2234) + (2243)]
1 -_P15 = 72=[(1334) + (4331)]
-16= 2[(1344) + (3144)]
*l7 = (2244)
1 _ _
18 = -72[(2334) + (4332)]
1 _- __-












ergy differences, using the Hartree-Fock values as a reference
point. All values were obtained by using a final scaling proce-
dure. Inspection of the results shows several interesting fea-
tures. First of all, the change in the electron-nuclear attraction
is very small compared with the other changes. This type of
behavior has been observed previously by Parr (12) and it sug-
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Table 3. Energetic analysis of different wavefunctions
Difference, atomic units x 10
AE
Wavefunction AEk V AE1 AVee Value %
Circulant AMO
First coupling, TI; A = 0.9850 +3028 -69 +2959 -5,986 -3028 43.5
Second coupling, TPI; A = 0.9874 +2115 -29 +2086 -4,200 -2115 30.4
T = cosa'- I + sina'-'I'l
a' = 45.00, A = 0.9774 +4203 -149 +4055 -8,258 -4203 60.4
a' = 37.00, A = 0.9774 +4256 -147 +4108 -8,364 -4256 61.1
Two A AMO (canonical orbitals);
Al = 0.97141 and A2 = 0.99956 +5126 -40 +5086 -10,212 -5126 73.6
Full CI (20 configurations) +6961 -748 +6213 -13,174 -6961
Energy values obtained by using various wavefunctions are compared with those obtained with the Hartree-Fock approx-
imation; kinetic energy (Ek), 14.572945; nuclei-electron potential energy (V,,), -33.635079; one-electron energy (E1),
- 19.062134 (E1 = Ek + V,..); electron-electron potential energy (V,,), 4.4891888; total energy (E), - 14.572945 atomic units.
gests a method in which this difference is constrained to be zero.
In general, the kinetic energy increases in the new wavefunc-
tion, but this is compensated by the much larger decrease in
the electron-electron repulsion as the wavefunction presents
a better description of the electron correlation.
4. Conclusions
Our first conclusion from these results is that the use ofcirculant
orbitals provides a theoretical justification for the use of the
single-parameter AMO wavefunction as a well-defined first ap-
proximation. Second, the choice of the pairs in this wavefunc-
tion is very important and the simple method of using two-by-
two rotations can lead to significant improvement in the de-
scription of the electronic correlation. The same form of wave-
function can be used in a many-parameter approximation. The
latter can recover a very significant part of the energy improve-
ment obtained by a full CI calculation. Finally, we can use a
combination of coupling schemes with the circulant orbitals
with one AMO parameter to obtain an interesting and compact
description of the electronic correlation: mix equally all double
excitations from an occupied circulant orbital to an unoccupied
circulant orbital. This is a one-parameter AMO wavefunction
and its result is :61% of the full CI obtained by using 20 linear
parameters.
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